In the information loss problem in black hole evaporation, the investigation of the purification partner of a Hawking particle is crucial. It is a well-known fact that the 3+1 dimensional spherically symmetric gravitational collapse can be approximately described by 1+1 dimensional moving mirror models. Since a detected particle in field theory is defined by what a particle detector observes, the diversity of detector designs yields a variety of particles and their partners. We provide a formula of generalized partners of detected particles emitted out of mirrors in an arbitrary motion for any Gaussian state in a free massless scalar field theory. Using our formula, we directly demonstrate information storage about pre-thermal information in a pure state of a detected particle and its partner. The form of the partner drastically changes depending on the detailed designs of particle detectors for Hawking radiation. In the case of a detected particle and its partner sensitive to information about pre-thermal era, spatial configurations of the partner has long tails in a stage where only zero-point fluctuation is emitted out of the mirror.
I. INTRODUCTION
The information loss problem in black hole evaporation was posed first by Hawking in 1976 [1] . It is a longstanding issue of fundamental physics during more than four decades.
From the viewpoint of quantum information theory, the problem can be recast into a quest of a purification partner of the Hawking radiation if quantum gravity maintains unitarity.
Since quantum gravity theory has not been completed yet, nobody knows the correct partner. Many possible candidates have been proposed including baby universe [2] [3], massive remnant [4] [5] [6] , and the Hawking radiation itself proposed by Page [7] , zero-point fluctuation of quantum fields [8] [9] [10] , and soft hairs [11] [12] .
In the Page scenario and zero-point fluctuation scenario, quantum gravity effects become negligibly small in null future infinity. Hawking particles in the radiation of free fields should have partners with degrees of freedom of the same fields. The composite system of a Hawking particle and its partner is in a pure state and carries the initial phase information of the gravitational collapse. The partner quest in realistic 3+1 dimensional cases encounters difficulties of unknown quantum gravity dynamics and cannot be achieved.
In this paper, we adopt a detour route. Similar to black holes, quantum fields scattered by some accelerated mirrors have a thermal spectrum [13] [14] [15] [16] . The radiation can be approximately interpreted as the Hawking radiation emitted by spherically symmetric black hole formation in 3+1 dimensions [8] . The mirror trajectory shape reflects a part of the initial parameters of a 3+1 dimensional gravitational collapse. The emitted Hawking particle is observed by an Unruh-De Witt detector [17] [18] . Note that a wide variety of detector designs are possible even if we use a localized detector . Since a particle in field theory is defined by what a particle detector observes [17] , the diversity of detector designs yields a variety of particles and their partners [19] [20] . The information of the mirror trajectory is stored in each pair of the detected particle and its partner. We provide a formula of generalized partners in an arbitrary mirror motion for any Gaussian state in a free massless scalar field. Using this formula, we directly demonstrate information storage about pre-thermal information, i.e. initial phase information. The spatial form of the partner is specified by its weighting functions introduced in Section III. We find two distinct cases of the partners. In one case, the weighting functions of the detector modes are well-localized in the Hawking radiation stage. The weighting functions of the partner modes have almost no dependence on the pre-thermal information. In the other case, the weighting functions of the detector modes have non-vanishing tails to the pre-thermal stage. The weighting functions of the partner modes change drastically depending on the pre-thermal information.
In Section II, we give a short review on a moving mirror model. In Section III, we provide a partner formula for an arbitrary moving mirror in 1 + 1 dimension. In Section IV, we demonstrate information storage about pre-thermal information by using our formula.
Finally, In Section V, a summary is provided.
In this paper, we adopt natural units, c = = k B = 1.
II. MOVING MIRROR MODEL
First, we review a moving mirror model which mimics the Hawking radiation and black hole evaporation. Consider a flat 1 + 1 dimensional spacetime
where we introduce light-cone coordinates
A massless scaler field φ(u, v) satisfies the following Klein-Gordon equation
and vanishes at the location of the mirror v = p(u)
General solutions are written by
where φ in (v)(φ out (u)) is an arbitrary function of v(u) and satisfies the following relation
due to Eq.(4). The incoming field φ in (v) can be quantized aŝ
where creation and annihilation operatorsâ ω andâ †
. The invacuum state |0 in is defined byâ ω |0 in = 0. The outgoing field operator φ out (u) can also be quantized asφ
where creation and annihilation operatorsb ω andb †
where α ωω and β ωω are Bogoliubov coefficients. If β ωω = 0, particle creation occurs with a distribution given by
and the energy flux observed in the future null infinity is given in terms of the mirror trajec-
For example, consider the following trajectory
This trajectory mimics an eternal black hole without back-reaction of radiation, that is, this black hole never evaporates. v = v H corresponds to the event horizon (FIG.1) . The The second example is the following trajectory
which approximately describes a black hole evaporation process with a back-reaction of radiation. Parameter h controls the lifetime of the black hole. This mirror is at rest in u ∼ −∞, accelerated in 0 < u < h and finally stopped (FIG.3) . Almost constant energy flux
is emitted during evaporation and no energy flux exists initially and finally. In this case, all incoming fieldsφ in (v) come back to the future null infinity asφ out (u). 
III. PARTNER FORMULA FOR AN ARBITRARY MIRROR MOTION
In this section, we provide a formula of generalized partners of detected particles emitted out of mirrors in arbitrary motion for any Gaussian state in a free massless scalar field. In the following, we assume that the trajectory p(u) is a monotonically increasing function and its range is (−∞, ∞), that is, we consider an evaporation case. Let us introduce the incoming momentum operator in the past null infinity S
We fix the detected particle mode A by a set of canonical operators usingΠ in (v)
where q 
due to the canonical commutation relation [q A ,p A ] = i and call them weighting functions.
We make a local symplectic transformation
such that the operators (Q A ,P A ) are in the standard form (Appendix A). Here we defined
Then, its partner mode B, described as a set of canonical operators (Q B ,P B ), is given by the following: (the derivation is shown in Appendix B)
where g ≡ 4( Ψ|q
|Ψ is an arbitrary Gaussian state, and
In the future null infinity S + , we define the outgoing momentum operator
Due to the boundary condition (6), the relation
holds. The operators of mode A can also be written in terms ofΠ out (u)
where
These are the weighting functions in the future null infinity S + . We can get the formula in terms ofΠ out (u) from Eqs. (20),(21) using v = p(u) and the relation (24)
This is the partner formula for an arbitrary moving mirror in 1 + 1 dimension and the main result in this paper. Entanglement entropy between the mode A and B is given by
For the vacuum Gaussian state |Ψ = |0 in , this formula is more simplified. The weighting functions are given by
where we have defined
(the derivation is shown in Appendix C)
IV. APPLICATION TO THE SIMPLE EVAPORATION MIRROR MODEL
We want to investigate how the information of black hole formation is stored in a pure state of a pair of detected particle and its partner. To do this, we consider the following simple trajectory
which has three stages, namely, the pre-thermal stage (u ≤ 0), the Hawking radiation stage (0 < u ≤ h) and the no radiation stage (h < u). and
, respectively. In this set-up, we assume that |Ψ = |0 in in the past null infinity S − and it evolves under the trajectory (34). Fixing parameters κ 2 = 1, h = 2 and setting the detected particle mode A in the future null infinity S + , we investigate how its partner mode B changes with respect to κ 1 which is pre-thermal information. Let us set the mode A by the following form: For this mode A, FIGs.10 and 11 show the numerical result of the weighting functions of its partner mode B. 
V. SUMMARY
For an arbitrary Gaussian state, we provide a formula of generalized partners for an arbitrary moving mirror in 1 + 1 dimensions (Eqs. (28), (29)). Next, we demonstrate information storage about pre-thermal information in a pair of partners by applying this formula to a simple mirror trajectory (34) which mimics two-step spherically symmetric gravitational shell collapse. The sensitivity of a pair of partners to pre-thermal information depends on the design of the detected particle mode. In particular, for the detected particle mode well-localized in the Hawking radiation stage (FIG.7,8 ), little pre-thermal information is stored in that pair of partners (FIG.10,11 ). On the other hand, for a little non-localized one (FIG.14,15 ), pre-thermal information is stored in it including the correlation with zero-point fluctuation (FIG.17,18 ). It would be interesting to extend our formula to the higher dimensional case and two mirror case. The latter could be applicable in a dynamical Casimir effect experiment where two imperfect reflectional mirrors are used.
By the local symplectic transformation of particle mode A
, we can transform the corresponding canonical operators (q A ,p A )
and assume that Ψ|R ω |Ψ = 0 holds for an arbitrary state |Ψ without loss of generality by shiftingQ
with
The covariance matrix is defined by
If |Ψ is a Gaussian pure sate, the relation
is satisfied. An incoming momentum operator can be expressed in terms ofQ ω andP ω aŝ
So, the mode A operators are also written bŷ
We make a symplectic transformation
such that the operators (Q A ,P A ) are in the standard form where
Then, its partner mode B can be given bŷ
where the functions V B (ω), U B (ω) are determined from the covariance matrix [19] as 
Finally, using v = p(u) and the relation (24), we can obtain
where Q B (u) and P B (u) are given by Eqs.(31) and (32).
